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V 

Vest  yttvioat  mtixek  oa  search  for  |iaa  playiag  has 
foovsed  oa  iaproviag  starch  affieisaey  rather  tham  ea  hatter 
atillslag  available  laferaatioa.  By  developiag  aodels  based  ea  a 
aetioa  vs  cal 1  "play  lag  streagth%  vs  aegvire  the  iasight  assdsd 
to  develop  strategies  vhieh  perfora  better  thaa  aiaiaas  agalast 
both  perfect  aad  iaperfeet  oppoaeats.  Ia  partiealar  sitsatioas, 
ear  deeisiea  strategies  yield  iaproveaeats  eoaparable  to  or 
.....dia,  those  provided  by  a.  additio.al  ply  of  search^ 


1.  Miai-aaz  for  gaae  playiag 

Ia  aaay  eoapetitive  sltvatioas.  deeisioa  aahiag  eaa  be  aided 
by  the  ass  of  gaae  aodels  hay  tvo-player,  aero-saa  gaae  eaa  be 
represeated  as  s  aiaiaaz  gaae  tree,  vhere  the  root  of  the  tree 
deaotea  the  iaitial  gaae  aitaatioa  aad  the  ehildrea  of  aay  aode 
represeat  the  resalts  of  the  possible  aoves  vhieh  eaa  be  aade 
froa  that  aode.  Ia  this  paper  ve  eoasider  vays  of  iaproviag  the 
perforaaaee  of  the  staadard  aiaiaas  baekap  algoritha.  Ve  follov 
eoaveatioa  aad  eall  the  tvo  players  "Mss'*  aad  "Mia"  aad  ase  "+* 
to  deaote  aodss  vhere  Mas  aoves  aad  to  represeat  siailar 
aodes  for  Mia.  Positive  eadgaae  (leaf)  valaes  deaote  positive 
payoffs  for  Mas.  leaders  aafaailiar  vith  the  eoaveatioaal 
aiaiaas  baekap  search  aad  deeisioa  proeedare  shoald  refer  to 
Nilssoa  [SO]. 

2.  Probleas  vith  aiaiaas 

Oivea  perfect  play  by  oar  oppoaeat.  ve  kaov  froa  gaae  theory 
that  a  ooaveatioaal  aiaiaas  strategy  vhieh  searehea  the  eatire 
gaae  tree  yields  the  highest  possible  payoff.  lovever,  aoat 
aetaal  players,  vhether  haaaa  or  aaehiae,  lack  the  eoaditioas 
aeeded  to  iasate  optiaal  play.  la  partiealar,  beeaase  the  trees 
of  aaay  gaaes  are  very  deep,  aad  tree  else  grovs  espoaeati el ly 
vith  depth,  a  eeaplete  search  of  vest  real  gaae  trees  is 
eoapatatioaelly  iatraetable.  Ia  these  lastaaees,  static 
ovalaatioa  faaetioas  aad  other  hearistie  teehaiqves  are  eaployed 


Most  previoas  rosesreh  oa  soareh  for  gaae  playiag  has 
foeased  oa  iaproviag  search  offieleasy.  Kesalts  of  this  type 
laprove  the  gvallty  of  player  deeisioa  aakiag  by  providlag  aore 
selevaat  laferaatioa.  la  ooatrast,  oar  rosesreh  fooases  oa 
bettor  atillslag  laferaatioa  rather  thaa  aearehlag  for  aore.  Ve 
evaaartse  previoas  vork  oa  this  issve,  thea  dessrlbe  oar  approaeh 
aad  provide  iaitial  reaalts. 

2.1  Previoas  vork  oa  eoapeasatlag  for  ftaooaplsto  soareh 

Bariag  the  alddle  to  late  ltdO'a,  Jaaes  Blagle  aad  his 
assooiatos  aoaght  to  laprove  the  psrforaaaoo  of  aiaiaas  baekap  by 
attaaptiag  to  predict  the  oapostoi  valve  of  (B+l)-level  aiaiaas 
soareh  with  oaly  a  B-level  soarsh  (Slagle  aad  Bisea  (70) ),  Their 
strategy  vas  sailed  the  *M  aad  M  proeedare"  aad  detoralaed  the 
valve  of  a  Mas  aode  by  eoaalderlag  its  M  best  ehildrea  aad  the 
valve  of  a  Mia  aode  froa  its  M  best  ehildrea.  The  stvdy  eited 
above  restrleted  the  problea  to  soarsh  depth  1*2  aad  also 
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restrict'd  M  cad  N  to  be  2.  The  algoritha  they  devised*  which  we 
seaaarixe  below,  wee  tested  oa  setasl  trees  arieiag  ia  the  geae 
of  Islsh. 

The  II  aad  N  procedure  is  based  ea  the  aetiea  that  the 
expected  bscked-ap  vales  of  a  aode  is  likely  to  differ  froa  the 
expected  backed-ap  walae  of  its  best  child.  To  iavestigate  the 
exact  aatare  of  this  differeaee*  lavestigators  geaerated  aaaple 
Kalah  peaitieaa  aad  raa  1-ply  aad  2-ply  aearehea  ea  thea.  Proa 
this  eapirieal  data  they  plotted  the  differeaee  betweea  the 
static  aad  2-ply  baeked-ap  valaes  of  each  pesitiea  agaiast  the 
differeaee  betweea  the  static  walmes  of  the  two  beet  ehildrea. 
Proa  this  data  they  defiaed  a  "boaaa  faactioa”  to  be  added  to  the 
etatie  walae  of  beet-lookiag  child*  hopiag  that  this  woald  lead 
to  a  better  eatiaate  of  the  trae  walae  of  the  pareat.  As  ahowa 
la  their  paper.  this  boaaa  faactioa  taraed  oat  to  be 
approxiaately  llaear.  Their  reaalta  were  (1)  that  the  "laproved” 
algoritha  woa  aboat  51.1  perceat  of  the  gaaes,  aad  (2)  that  ■  aad 
N  yields  aa  iaproweaeat  ia  the  expected  walae  of  the  oatcoae  of 
the  geae  aboat  II  perceat  aa  great  aa  does  aa  additloaal  ply  of 
search.  They  coaclade  that  "II  aad  N  aa  applied  to  Ealah  provides 
aa  adwaatage  that  la  aboat  as  large  as  a  typical  walae  featare 
[of  the  static  ewalaatiea  faactioa]  bat  aot  as  large  as  aa 
aasssally  powerfal  ©as”. 

The  reader  will  aote  la  the  followiag  aectioa  a  reaeablaaee 
betweea  the  aotioa  of  a  boaaa  faactioa  aad  oar  atteapt  to  aore 
accurately  predict  the  expected  walae  of  aowes  aade  by  a  fallible 
oppoaeat.  la  Ballard  aad  Keibaaa  (•!]  we  prove  that  ia  the 
siapleet  fora  of  the  first  of  two  aodels  we  preeeat  below,  with  a 
fixed  probability  of  oppoaeat  error*  ftadepeadeat  of  the 
differeaee  betweea  eaadidate  aodee.  oar  roealte  eaa  be  obtaiaed 
by  aa  appropriate  fora  of  I  aad  N  strategy  (aad  vice  versa), 
althoagh  the  exact  backcd-ap  walaea  beiag  deteraiaed  will  differ. 
This  is  dae  to  the  llaear  aatare  of  the  boaas  faactioa  deteraiaed 
as  oatliaed  above.  We  have  alao  ahowa  that  the  arc-sea  tree 
aodel  we  have  adopted  woald  lead  aot  to  a  llaear  boaaa  faactioa 
bat  rather  to  oae  described  by  a  4-th  degree  polyaoaial. 

2.2  The  aareeolwed  problea  of  oppoaeat  fallibility 

la  addltloa  to  hawlag  aa  laabillty  to  ooapletely  search 
aetaal  gaae  trees,  oetaal  iapleaeatatioae  of  aiaiasx  acaaac 
perfoot  play  by  their  oppoaeat.  lowewer,  this  asseaptioa  oftea 
la  overly  eeaservative  aad  eaa  be  detriaeatal  to  good  play.  Aa 
laaedlate  aad  oxtroae  oxaaple  ia  foaad  la  foreed  loss  aitaetioaa. 
la  the  twe-valaed  gaae  la  Pigaro  1*  lax  is  faeed  with  a  foreed 
loot.  Bogardleea  of  the  aovo  lax  aakes  at  the  sods,  if  Mia 
plays  oorroetly  lax  will  always  lose.  Followiag  the  eoaveatloaal 
alalaax  strategy,  Bax  woald  play  raadoaly,  piekiag  either  aabtree 
with  ogeel  frofaeasy.  Bappoae,  however,  that  there  la  a  aoaaero 
probability  that  lia  will  play  laeorreetly.  for  the  aoaeat, 
aasaao  lia  aakee  aa  iaeorroet  aove  10%  of  the  tiae.  Thea  if  lax 
aowea  raadoaly,  the  expected  oateoae  of  the  gaae  is  .5(0)  ♦ 


.S(.9* 0  ♦  .1*1)  -  .05.  If  Max  kaeti  that.  oa  oecasioa.  Mia  will 

■OTt  iaeorreetly.  this  kaovledge  eaa  be  and  to  laprove  the 
axpactad  payoff  from  tka  gaae.  Specif ieally.  Mas  eaa  regard  eaek 
mode  ae  a  "ehaaee  aode"  eiailar  to  tkoeo  tkat  ropreaeat 
okaaeo  areata  eaek  ae  dice  rolls  ia  aoa-aiaissx  gases.  (Mallard 
(tl.13]  gives  algoritkse  salted  to  tkle  broader  elaee  of  *•- 
Blaises”  gases.)  Tkas  Mas  evalaates  by  eospatiag  a  weighted 
average  of  ite  ehildrea  based  ea  tkeir  eoajeetared  probabilities 
of  boiag  ehoaea  by  Mia  rather  tkaa  by  fiadlag  jest  the  Blaises. 
Folleviag  this  strategy.  Mas  eoaverts  the  pare  slaisas  tree  of 
Figaro  1  to  the  "-Blaises  tree  skova  ia  Figaro  2.  detersiaoe  the 
valaes  of  the  ekildroa  of  the  root  at  0  aad  0.1.  aad  seleete  the 
rigktsost  braaeh  of  the  gasa  tree  beeaase  it  aov  has  the  kigker 
baeked-ap  valae.  Ia  terse  of  espeeted  payoff,  (vhieh  la  eospated 
as  0"(0)  +  1.0*< .9*0  *  .1*1)  -  0.1).  this  is  elearly  aa 

isproveseat  over  etaadard  slaisas  play.  Farthorsore.  tkia 
strategy  is  aa  isproveseat  over  slaisas  ia  forced  lose  eltaatioae 
regardless  of  the  partiealar  probability  tkat  Mia  will  err.  Oar 
observed  isproveseat  la  forced  lose  eltaatioae  is  a  speeific 
osasple  of  "tle-brcakiag".  where  the  steal  graadekild  valaea 
kappea  to  bo  sero.  Beeaase  slaisas  oaly  aaea  laforaatioa 

provided  by  the  extreae-vslsed  ehildrea  of  a  aode.  poeitloae  with 
differeat  espeeted  reealte  oftoa  appear  etsivaleat  to  siaisas. 
Variaat  slaisas  strategies  eaa  tkaa  isprove  perforsaaee  by 
breakiag  ties  with  laforaatioa  slaisas  obtaias  bat  does  aot  aae. 

A  lees  obvioae  opportaaity  for  lsproviag  alaiaax's 

porforaaace  is  foaad  la  Figaro  5.  As  ease  ae  above  tkat  Mia  sakes 
the  correct  aove  with  probability  .9.  If  Mas  aeee  the 
coavoatioaal  baekap  strategy  aad  chooses  the  left  aode.  the 
expected  oatcoae  of  the  gaae  is  2.1.  If.  however,  we  roeogaise 
oar  oppoaeat’s  fallibility  aad  ooavert  the  Mia  aodes  to 
(as  ia  Figaro  4).  we  will  ekooee  the  right  braaeh  aad  the  gases 
expected  resalt  iaereases  to  2.9.  Tkas  by  alteriag  the  way  we 

A a .Vos  .glthg  *A  ASW  AHAASAA +  *  ■  ss4s  o  Js  fig  m  +  m*  as  m m  m 
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Ia  the  exasple  of  a  foreod  leas,  the  isproveseat  ia 
perforsaaee  was  dae  to  the  ability  of  a  weighted  average  baekap 
oeheae  to  correctly  ohoose  betweea  sovea  which  appear  o^aal  to 
coavoatioaal  slaisas.  Ia  the  seeoad  osasple*  oar  variaat  baekap 
yielded  a  "radical  dlffereace”  fros  siaisas.  a  ohoiee  of  sove 
which  differed  aot  beeaaao  of  "tie-breakiag".  bat  beeaase 
differiag  baekap  strategies  prodaesd  distiaet  ohoieee  of  which 
available  sove  is  eorroet. 

f.  Adversary  sodels  for  iavostlgatioa 

laviag  observed  aa  opportaaity  to  profit  by  osploitlag 
errors  whisk  sight  be  sads  by  oar  oppoaoat.  vs  sew  forsalate  a 
sodol  of  a  fallible  adversary's  behavior.  Oar  sodel  is  based  oa 
the  ooaaopt  we  call  "playlag  streagtk".  Iataitlvely.  playiag 
strsagth  is  aa  iadieatiea  of  how  well  a  player  eaa  be  expected  to 
parfors  ia  aetaal  eoapetitioa  rather  tkaa  agaiast  a  thoorotieal 
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yitfict  player.  Ia  order  to  bo  I  mftl  aetrie,  o  playiag 
atreagth  poroaotor  ahomld  boro  at  loaat  the  followiag  propertiea: 

I.  Oivea  t«o  players  V  aad  N,  whore  the  playiag  etreagth 
of  11  greatly  eseeede  that  of  N,  II  ahoald  play  better  tkaa 
N  agalaet  aay  fixed  third  player  Q,  where  better  pley  ie 
defiaed  ex  wiaaiag  a  higher  proportioa  of  the  geaea 
played  or  hawiag  a  better  expeeted  payoff. 

II.  Aaeaae  I  aad  N  are  ae  above  ead  eoaxider  a  aode  P 
where  II  aad  N  have  two  poaaible  aovei  available.  If  the 
ehildrea  of  P  are  deaoted  r  aad  a*  aad  the  expected 
payoff  froa  aakiag  aove  r  ia  greater  thaa  the  expected 
payoff  froa  aakiag  aove  a  for  both  M  ead  N,  thea  M  ahoald 
ohooae  aove  r  over  aove  a  with  a  probability  greater  thaa 
or  egaal  to  the  probability  that  N  chooaea  r  over  a. 

3.1  A  eiaple  playiag  atreagth  baaed  aodel 

leviag  givoa  goaeral  axioaa  for  oar  lataitive  aotioa  of 
playiag  etreagth.  we  aow  deaeribe  e  partiealar  aodel  for  aa 
iaperfect  player's  behavior  we  heve  ehoaea  to  atady.  Actaally. 
we  have  already  preaeated  a  aiaple  exaaple  of  playiag  atreagth  ia 
a  aodel  for  playiag  biaary-tree  gaaea.  Let  the  playiag  atreagth 
be  the  probability  that  a  player  ehooaee  the  aove  which,  ia  the 
preaeat  gaae  poaitioa  agaiaet  the  earreat  oppoaeat,  yields  the 
beat  expeeted  eadgaae  reamlt.  tiaee  the  theoretically  correct 
aove  eaa  be  diffiealt  to  doteraiao,  we  approxiaate  it  ia  oar 
aodel  by  aeiag  a  eoaveatioaal  aiaiaax  aearch.  Ueiag  this 
approxiaatioa.  we  aodel  aa  iaperfect  Bia  player  of  atreagth  S  by 
ehoosiag  the  aove  with  the  beat  aiaiaax  evalaatioa  with 
probability  8  aad  the  other  available  aove  with  probability  1-8. 
Ve  eaa  geaoralixe  thia  aodel  for  trooa  with  braaehiag  factor  B  ia 
aovoral  waya:  (1)  by  coaaidoriag  oaly  the  two  best  available 
aoves;  (2)  by  ehoosiag  the  first  aove  with  probability  8.  the 
seeoad  with  probability  8*<l-8),  the  third  with  probability  8  * 
<l-8)**2»  aad  the  ath  with  probability  8  •  <1-S>**(B-1> ;  (3)  by 
wslag  othor  varlaat  deciaioa  strategies  met  diaewsaed  here.  Ia 
the  aecoad  ease,  it  ahoald  be  aoted  that  these  probabilities  axe 
aa  approxiaatioa.  Thoir  saa  approaches  1  oaly  ea  B  goes  to 
iafiaity,  otherwise  the  aaa  differs  froa  1  by  (1-S)**B. 

5.2  A  aero  sophisticated  aodel  of  iaperfect  play 

The  aodel  preaeated  la  staple  to  iapleaeat  aad,  as  showa  ia 
Ballard  aad  Keibaaa  {S3],  resalte  ia  bettor  play  thaa  does 
aiaiaax  ia  aeae  bread  olaasoa  of  gaae  aitaatieas.  lowever,  it 
fails  to  ooasidor  the  rolstivo  differsaoss  botweea  aevoa.  For 
exaaple.  If  aode  valaes  reage  froa  0  to  10,  aay  roaaeaable  player 
ahoald  ohooso  a  mode  valaed  2  over  a  aode  valaod  10  aoro  oftea 
thaa  a  aode  valaed  2  weald  bo  ehoaea  over  oao  valaed  3.  To 
oorroet  thia  vs  prsseat  a  aoeoad  aodel  of  iaperfect  play. 

Ia  gsaerel,  it  ahoald  be  fairly 
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eaay  to  difforeatiate 


b«tv*«a  iov*<  tkei*  raises  differ  greatly.  Borerer,  if  tvo  sores 
hare  approximately  tke  ease  raise,  it  eosld  be  a  sore  diffieelt 
task  to  ekooae  betreea  tkes.  Tke  etreagtk  of  a  player  it.  in 
part,  kie  ability  to  ekooee  tke  correct  sore  fros  a  raage  of 
altersatirea.  Playiag  etreagtk  eaa  tkerefore  correspond  to  a 
"raage  of  discernment",  tke  ability  of  a  player  to  detersiae  tke 
relatire  qaality  of  sores,  la  iaability  to  distiagaisk  betreea 
sores  ritk  radically  differeat  expected  osteoses  coaid  kare 
drastic  coaseqaeaees.  Sisilar  difficalties  ritk  sorea  of  alsost 
aqaal  expected  payoff  akoald.  oa  tke  arerage.  kare  sack  less 
affect  oa  a  player's  orerall  perforsaace. 

Ve  sodel  players  of  rarioas  streagtks  by  adding  aoise  to  tke 
iaforaatios  tkey  see  for  decision  asking.  A  player  ritk 
noiseless  sore  eralaation  is  a  "perfect  opponent",  rkile  a  player 
ritk  an  infinite  asoant  of  noise  injected  into  its  eralaation 
plays  randosly.  Ve  iatrodace  noise  at  tke  top  of  an  isperfect 
player's  searck  tree  in  an  aaonnt  inrersely  proportional  to  tke 
player's  strengtk.  Altkoagk  it  say  appear  to  be  easier,  and 
perkaps  sore  reasonable,  to  iatrodace  noise  at  tke  leares  or  in 
tke  statie  eralaation  faactioa,  re  aroid  tkis  alternatire  for  a 
nasber  of  reasons.  First,  re  feel  iatrodaeiag  noise  at  tke  top 
better  sodels  tke  notion  of  opponent  fallibility  rkile  noise  in 
the  leares  reflects  the  probless  of  iaeoaplete  search. 
Fartkersore,  tke  actaal  effect  of  adding  noise  to  tke  tops  of 
searck  trees  eaa  be  stadied  analytically  rkile  tke  effects  of 
iatrodaeiag  noise  in  the  leares  are  not  yet  anderstood  iNaa  80]. 
Ve  nor  describe  tke  details  of  tke  isperfect  player  sodel  aaed  in 
the  resaiader  of  tkis  paper.  Back  isperfect  player  is  assigned  a 
playing  strength  betreea  0  (perfect)  and  sinae  infinity  (randos). 
In  oar  aisalatioa,  tke  isperfect  Kin  player  coadaeta  a 
coareational  siaisax  backap  searck  to  approxisate  tke  actaal 
ralae  of  each  child  of  the  earreat  position.  Tke  baeked-ap 
ralaes  of  each  child  are  then  normalised  ritk  respeet  to  the 
raage  of  possible  backcd-ap  ralaes  and  a  random  nasber,  0  <■  x  <- 
-8,  (rkere  S  is  the  playiag  strength,  a  real  nasber  <■  0),  is 
added  to  tke  normalised  ralae  of  each  child.  The  trae  ralae  ritk 
noise  added  is  then  treated  as  a  eonrentional  backed-ap  ralae. 


4.  An  empirical  analysis  of  tke  effect  of  isperfect  play 

In  order  to  inrestigate  the  correlation  betreea  playiag 
strength  as  defined  in  oar  sodel  and  perforsaace  in  actaal 
oospotitios,  re  kare  soadacted  trials  pitting  siaisax  against 
Isperfect  opponents  ritk  raryiag  playiag  strengths.  Ve  ooadact 
oar  trials  ritk  eosplete,  n-ary  gase  trees  generated  as  fanctioae 
of  three  parameters:  D  denotes  tke  depth  of  tke  tree  in  ply,  Br 

In*  prerioas*stadies*of *s*arek*for*gaiieSplayintVleares*kare*beea 
assigned  independent  randos  maskers  as  ralaes  (e.  g.  Kmatfc  sad 
Moore  (], Pearl  [89]),  or  their  ralaes  kare  bsaa  obtained  by 
growing  tke  tree  in  a  top-dorn  faskioa  (Foliar,  at  al  U).  la 
oar  ospirical  stady,  we  osploy  the  latter  sethod*  Brery  arc  in 
the  tree  is  assigned  a  randos  integer  chosen  fros  a  aaifora 
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distribution  botvoom  0  ltd  V.  Tko  vilu  of  oneb  loaf  is  than  tbs 
sma  of  tbs  arcs  loading  to  it  froa  tbs  root.  This  astbod  iasnrss 
a  fairly  strong  dependence  between  tbs  ulus  of  brotbor  and 
sistors  in  tbs  gaas  trss.  (Vs  ars  in  tbs  process  of  foranlating 
a  astbod  of  cbarsetsrising  tbs  aetnal  dsgrss  of  dopsadones  la 
gaas  trsss.)  Vs  fool  that  a  gaas  with  soas  dspsndsncs  aors 
accurately  aodsls  rsal  vorld  applications  of  gaas  playing  and 
rsdncss  tbs  cbaacs  of  aaoaaloms  behavior  (Psarl  [12] ).  In 
addition  to  prodncing  trsss  with  a  fairly  bigb  dsgrss  of 
dspsndsncs.  tbs  astbod  of  top-down  trss  growth  bas  two  otbsr 
adwaatagss.  First,  if  tbs  trss  is  fairly  dssp  in  relation  to  tbs 
players'  ssarcb  dsptbs.  ws  nssd  to  grow  only  tboss  paths  which 
iaasdiatsly  sarronnd  tbs  lins  of  plsy,  a  grsat  sawings  in 
siaalatioa  tins.  Second.  the  arc-sna  aethod  of  leaf  walne 
calculation  provides  a  nataral  static  evaluation  function  for  a 
nods,  tbs  sua  of  tbs  arcs  leading  froa  tbs  nods  to  tbs  root. 

Vs  bsvs  conducted  a  nuaber  of  szpsriasnts  to  asasurs  tbs 
gains  aade  by  aiaiasx  against  iapsrfsct  opponents  of  varying 
strengths.  Ve  present  tbs  results  of  three  such  ezperiaents* 
each  consisting  of  1000  gaae  tress  with  D*5,  V-10,  and  Br-2.  4. 
or  10.  Both  Max  and  Mia  used  2-fly  ssarebss  and  tbs  partial 
arc-sua  static  evaluation  to  dstsraias  their  aoves.  Thus,  each 
gaae  lasted  five  aovss.  and  tbs  Min  player  bad  tbs  first 
opportunity  to  see  tbs  actual  leaves  of  tbs  gaas  trss.  Tbs  trsss 
were  created  by  generating  raadoa  arc  values  with  tbs  UNIX 
pssudo-randoa  nuaber  generator  on  a  PDP-11/70.  For  each 
collection  of  1000  tress.  Mas  played  each  gaas  against  several 
opponents  vitb  differing  playing  strengths.  The  results  ars 
suaaariasd  in  Figure  5.  As  expected.  Max's  payoff  increased 
aonotonically  as  tbs  iapsrfsct  player  aodsl's  strength  decreased. 

S.  A  strategy  for  use  against  an  iaperfset  opponent 

Vs  now  present  a  strategy  based  on  the  *-niaiaax  ssarcb 
algoritbas  for  trsss  containing  ebanes  nodes  in  order  to  iaprove 
psrforaanes  by  eoapsnsating  for  tbs  probabilistic  behavior  of  a 
fallible  opponent.  Our  strategy  predicts  Min  play  by  using  tbs 
following  assuaptions  to  evaluate  nodes: 

I.  Against  a  Mia  player  asswaed  to  be  perfect,  vs  should 
use  a  conventional  Max  strategy. 

II.  Against  an  opponent  who  is  assuasd  to  play  raadoaly. 
wo  shonld  evaluate  nodes  by  taking  an  unweighted 
average  of  the  values  of  their  ehildrea.  values  of  their 
children. 

III.  In  general,  against  iaperfset  players,  ve  should 
evaluate  sodas  by  taking  a  veightsd  average  of  the 
values  of  their  ehildrea*  deriving  the  appropriate 
probabilities  for  eoapstiag  this  average  by  using,  in 

f  our  opponents  playing  strength. 


0 


To  predict  thi  both  of  our  iaperfect  oppoaaat.  ve  eoasider 
the  *>aiaiiu  bind  aodel  of  iaperfect  player  behavior  proaaatad 
la  aoetioa  3-1.  Mora  specifically.  ve  aaaiga  oar  oppoaaat  a 
pradletad  atreagth,  daaotad  PS.  batvaaa  0  aad  1.  To  dataralaa 
tba  value  of  aodaa  directly  bale*  the  root,  oar  predictive 
strategy  aoarcbea  aad  backs  up  valuaa  to  tba  aodaa  directly  below 
oacb  aode  uaiag  coaveatioaal  aiaiaaz.  Each  aode  ia  tbea 
ovalaated  by  firat  sortiag  tba  valuaa  of  ita  cbildraa  ia 
iacraaaiag  order.  tbea  takiag  a  weighted  average  uaiag 
probabil itiea  PS.  <1-PS)*PS. . . . ,  U-PS)**<Br-l)  •  PS.  If  PS-1,  we 
bave  predicted  that  oar  oppoaaat  ia  perfect,  ao  we  coaaider  oaly 
tbo  aiaiaau-vslued  child  ia  evaluatiag  a  aode.  it  the  other 
oztroae.  if  a  raadoa  oppoaaat  ia  predicted.  i.  e.  PS  ia 
approziaately  0.  the  probabil itiea  uaed  to  coapute  the  weighted 
average  arc  all  equal  aad  the  Mia  aode  ia  evaluated  by  averagiag 
the  valuaa  of  ita  cbildraa. 

low  well  our  acauaptioaa  predict  the  aovea  of  iaperfect 
oppoaeata  abould  be  reflected  ia  our  strategy's  actual 
perforaaaec  agaiaat  aueb  players.  Note  that  the  playiag  atreagth 
actric  aa  uaed  ia  the  siaulated  Mia  player  aay  aot  directly 
oorreapoad  to  the  playiag  atreagth  actric  uaed  by  our  Maz  player 
to  predict  Mia's  behavior.  Ve  are  currcatly  iavectigatiag  how  to 
choose  the  predicted  atreagth  which  yields  the  aaziaua  payoff  for 
our  strategy  givea  aa  oppoaaat  aodel  aad  aa  actual  playiag 
atreagth. 


(.  Aa  oapirical  aaalyaia  of  predictive  play 

Agaiaat  iaperfect  players  of  selected  atreagth  ve  eoaduct  aa 
eapirical  study  to  eoapare  the  perforaaaoe  of  our  predictive 
algoritha  with  that  of  coaveatioaal  aiaiaaz  backup.  Aa  ia  the 
oapirical  aaalyaia  ia  aoetioa  4*  ve  use  a  aaaple  of  1000  raadoaly 
geaerated  gaae  treoa  vith  Br-4.  D-5.  aad  T-10.  Ve  use  three  Mia 
oppoaeata:  true  Mia  vith  ao  aoiae  added,  aa  iaperfect  Mia  player 
vith  aoiae  values  obtaiaed  froa  a  uaifora  diatributioa  betveea  0 
aad  .3.  aad  aa  approziaatioa  of  a  raadoa  player  vith  aoiae  values 
chosea  froa  the  zaage  0  to  d.  Agaiaat  these  Mia  players,  ve  teat 
1- ,  2-.  aad  3-ply  searchiag  coaveatioaal  Maz  aad  10  predictive 
players,  ouch  vith  a  2-ply  search  aad  aad  a  PS  chosea  froa 
botveoa  0  aad  .9.  Tho  reaulta  of  this  ezperiaeat  are  fouad  ia 
Figure  d.  Before  auaaarisiag  our  obaervatioaa.  ve  aote  that  the 
aaabora  givea  ia  Figure  d  reproaeat  peiata  oa  a  coatiauua;  they 
iadieate  goaeral  treads  but  do  aot  eeavey  the  satire  apeetrua  of 
values  vhich  lie  betveea  tho  poiats  ve  have  iaeluded. 

Xu  the  first  ooluaa  of  Figure  d«  ve  observe  that,  though  it 
aight  bo  ozpoctod  that  pure  Mas  backup  vould  be  the  optiaua 
strategy  agaiaat  ooavaatioaal  Mia.  several  of  our  predictive 
players  parfora  batter  thaa  a  eoaveatioaal  Maz  player  searchiag 
tba  suae  aeaber  of  ply.  Our  observed  iaproveasat  ia  as  auch  as 
7%  of  the  gala  va  vould  aspect  froa  addiag  aa  sdditioasl  ply  of 


••trek  to  the  eosTiitloul  Mas  strategy.  This  resalt  i* 
asalogoas  to  tkat  obtaiaad  vitk  Slagle  aad  Ditoa'i  M  aad  N 
strategy.  Lika  M  aad  N.  oar  iaproveaeat  is  dee,  at  least  ia 
part*  to  a  strategy  vkiek,  ky  eoasideriag  iaforaatioa  froa  aore 
tkaa  jast  tko  extreae-valaed  ekildrea  of  a  aode,  partially 
eoapeasates  for  a  soarek  vkiek  fails  to  reaek  tke  leaves. 

Za  tke  sseoad  eolaaa  of  Figaro  6.  ve  see  tkat  agsiast  aa 
oppoaeat  vkose  play  is  soastiaes  iaperfeet,  oar  strategy  eae 
provide  alaost  kalf  tke  ezpeeted  iaproveaeat  givea  by  addiag  aa 
additloaal  ply  of  searek  to  a  eoaveatioaal  Mar  strategy.  Ve 
believe  this  gaia  is  das  primarily  to  tke  ability  of  oar  strategy 
to  eapitalise  oa  oar  oppoaeats  poteatial  for  errors. 

If  ve  exaaiae  tke  resalts  ia  eolaaa  3  of  Figaro  6,  ve 
observe  tkat,  agaiast  a  raadoa  player,  oar  strategy  yields  aa 
iaproveaeat  betveea  2  aad  3  tiaes  that  provided  by  sa  additioaal 
ply  of  search.  As  tke  predieted  streagtk  of  oar  oppoaeat  goes 
dova,  oar  predietioas  of  oar  oppoaeat's  aoves  beeoae  aore  a 
siaple  average  of  tke  alteraatives  available  to  kia  tkaa  a 
aiaiaas  baekap.  Ve  have  previoasly  eoajeetared  tbat  tke  aost 
aeearate  pradictioa  of  tke  resalts  of  raadoa  play  is  seek  aa 
average  aad,  as  expected,  oar  strategy's  perforaaaee  coatiaaee  to 
iaprove  as  tke  streagtk  predieted  decreases. 

Oar  fiaal  eoaaeat  is  to  observe  a  possible  dravback  to  tke 
iadiseriaiaate  ase  of  oar  strategy.  Vkea  ve  begia  to 
overestiaate  oar  oppoaeats  fallibility,  oar  perforaaaoe  degrades. 
Za  both  eolaaas  1  aad  2,  ear  perforaaaee  peaks,  tkaa  if  ve 
iaaeearately  overestiaate  tke  veakaess  of  oar  oppoaeat,  oar 
perforaaaee  deeliaes  aad,  ia  eolaaa  oao,  aetaally  falls  belov 
tkat  of  eoaveatioaal  Max. 

7.  Coaelasioa 

la  this  paper  ve  have  iatrodaeod  tke  problea  of  adaptiag 
gave  playiag  strategies  to  deal  vitk  iaperfeet  oppoaeats.  Ve 
first  observed  tkat,  agsiast  a  fallible  adversary,  tke 
eoaveatioaal  aiaiaax  baekap  strategy  does  aot  alvays  ekoose  tke 
aove  vkiek  yields  tke  best  ezpeeted  payoff.  To  iavestigate  vays 
of  iaproviag  aiaiaax,  ve  foraalated  a  geaeral  aodel  of  aa 
iaperfeet  adversary  asiag  tke  eoaeept  of  "playiag  streagtk".  Ve 
tkea  propeeed  several  alterastive  gaae  playiag  strategies  vkiek 
eapitalise  ea  their  oppoaeats  poteatial  for  error.  As  oapirlesl 
stady  ves  eoadaeted  to  eoapare  tke  perforaaaee  of  these 
etrategiee  vitk  that  of  aiaiaax.  Bvea  agaiast  perfeet  oppoaeats, 
oar  strategy  shoved  a  aargiaal  iaproveaeat  over  aiaiaax  aad,  la 
soae  other  eases,  great  iaereasea  la  perforaaaee  vere  observed. 

Ve  have  preseated  tke  preliaiaary  resalts  of  oar  efforts  to 
develop  variaat  aiaiaax  strategies  tkat  iaprove  tke  perforaaaee 
of  gaae  players  ia  aetaal  eeapetities.  Oar  preaeat  aad  fatare 
roaearak  iaelades  a  eoatiaaed  effort  to  oxpaad  aad  geaeral iso  ear 
aodels  of  iaperfeet  play,  oar  predietlve  strategy,  aad  the  aotiea 


of  playiag  itmith.  Pittktr  atady  of  oar  aodilt  In  iacladad 
aot  oaly  additioaal  aapirical  axpariaaats  Vat  alto  elosad-fora 
aaalyaia  of  aoma  eloaaly  xalatad  goat  trao  starch  problaas.  fa 
hopa  to  awaataally  acqaira  a  aaifiod  aadars taadiag  of  tavaral 
Aistiact  problaas  with  alaiaaa  ia  ordor  to  davalop  a  aora  gaaaral 
gaaa  playiag  proaadara  which  rotaias  tha  stroag  poiata  of  aiaiaax 
whila  eorraetiag  its  parcaivad  iaadaqaacias. 
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Figure  1:  Fax  faced  will;  a  forced  loss 
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Figure  3:  Pure  Fax  chooses  the  left 
branch. 
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Figure  4:  This  *-niniaiau  tree  is  a  vari¬ 
ant  of  the  pure  r. ini- a. ax  tree  in  Figure 
3.  Given  the  assumption  that  nin  will 
err  10j  of  the  time,  Eax  will  choose  the 
right  branch. 
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